§2 PINH THUC
2.1 HOAN VI VA NGHICH THE

Cho tap hop hittu han F = {1,2,...,77,}.

Xét mot hoan vi cua cac phan tir cua E (d6 1a mot song anh P tir E vao
chinh no):

n
P
Q «

VOl oy, ..., € B, LAy hai s0 o, ;trong mt hoan vi cua E. Néu

a; > a; véii> j thitanoicac sd ay,a; 1ap thinh mot nghich thé.

Vi du: Trong hoan vi 3214 cta 4 sd 1234 thi ¢ 3 cip tao thanh nghich
thé, d6 1a (3,2),(3,1),(2,1)

Dé a;,a; 1ap thanh mot nghich thé thi (o, — a;)(i — ) < 0.

9 g
Ta ky hi¢u [ (ozl,ozg,...,ozn) la téng s6 tit ca cac nghich thé cua hoan vi

(al, a2,...,an) . Trong vi du trén ta c6: 1(3,2,1,4)=3.
Pinh nghia 1. M4t hoan vi cua E dugc goi 1a hoan vi chan néu téng )

cac nghich thé cua no 1a chan hodc bang khong, hoan vi la lé néu tdng sé cac
nghich thé cua no 1a /é.

Xét mot hoan vi (al, Qs ...,an). Néu ta d6i chd hai phan tir «, a; cho nhau
con cac phan tir khac van gilt nguyén thi ta noi da thyc hién mot phép chuyén vi.
Phép chuyén vi lam thay doi tinh chan lé cua hoadn vi.

Vi dy: Xét hoan vi 3,2,1,4 cta bén s6 1,2,3,4. Ta c6 1(3,2,,4)=3. Néu ta
ddi chd 2 va 1 cho nhau (thyc hién mot phép chuyén vi), khi d6 1(3,1,2,4)=2.

Bay gio ta xét thém mot vi du dé minh hoa mot tinh chat khac cua hoan vi.
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Cho E ={1,2,3,4,5} va xét m{t hoan vicua F 1a 534,2,1.

1 2 3 4 5
P:EFE—F P

5 3 4 21

N6 c6 9 nghich thé (hoéan vi 18). Ta sép Xép lai cac cot ctia ma tran trén dé
dua hang 2 vé tht tu ty nhién bang cach thuc hién phép ddi chd cac cot canh
nhau.

D61 chd ¢t 5 cho cot 4 rdi cho cdt 3, cOt 2 rdi cudi cung cdt 1, tuc la

5 1 2 3 4
P15342

thue hién 4 phép chuyén vi.

Tiép tuc dua cOt 5 cua ma tran moi dén vi tri ¢t 2, tic 1a thuc hién 3

. 5 41 2 3
phép chuyén vi: ¢5 — ¢4 — ¢3 — 2 1 25 3 4
Pbi chd ¢t 4 cho cot 3, thuc hién mot phép chuyén VI
5 4 2 1 3
1 2 3 5 4
Cudi cung d6i chd cot 5 cho cot 4, thuc hién mot phép chuyén vi:
5 4 2 3 1
1 2 3 45

Nhu vay dé dua hang 2 vé thtr tu tu nhién ta da bién d6i ma tran xuat phat
bang dung 9 phép chuyén vi hai cot canh nhau (bang sé nghich thé ¢ hang 2
clia ma tran xuat phat). Sau mdi phép chuyén vi d6 hang 1 thém mot nghich thé,
hang 2 bét di mot nghich thé. Nhu vy hang 1 ciia ma tran cudi cung c6 cung
) nghich thé v&i hoan vi P C6 thé coi hang d6 nhu mot hodn vi nguoc cia P
ta biéu dién n6 bang P!,

Phuong phap trinh bay nhu trén c6 thé ap dung cho bat ky hoan vi nao cua

tap hop E = {1,2,...,n} . Ta c6 két qua téng quat sau:

Pinh ly: Néu mét hodn vi tiy y P: E — E ¢6 k nghich thé thi hodn vi
nguege P! ciing c6 k nghich thé.
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1 2 ... n

Q... Q

B B o B

Ma tran: [ dugc dua vé dang: [1 9 n] bang k phép

doi cho hai cot canh nhau.

2.2 PINH NGHIA PINH THU'C

D)

Cho ma tran vuong cép 2 A= [ ] Ta goi dinh thirc cia ma tran 2

Qo1 Qoo
1a dinh thic cdp 2, ky hiéu det(A), 1a mdt sé xac dinh nhu sau:
det(A) = ay1a55 — 01509, .

a1 Qg9

Ta ciing ky hiéu dinh thtc cap hai boi

Ay Qg

Gia tri ciia det(A) 1a tich ciia phan tir nam trén dudng chéo chinh trir di
tich cac phan tr nam trén duong chéo kia. Néi cach khac, d6 1a hiéu cia hai s6
hang, mdi s6 hang 14 tich cta hai phan ti: mdi phan tr nam trén ding mot hang
va ding mot cdt, chi s6 thir nhét chi hang chi s6 thir hai chi cOt, do 1a hai hoan
vi clia hai s 1 va 2: d61a (1,2) va (2,1). Hoan vi sau c6 mot nghich thé, né 1a

1¢; s6 hang Uing v&1 phan tir do c6 dau trur.

QG (g3
Xét ma tran vuong cap 3: A =|ay @y 0y |. Dinh thitc cia ma tran A 1a
Q3 Q3zy (33

dinh thuc cap 3, d6 1a sé:

Ay Qi Gy
det(A) = Qg1 Qo Qo3| = Q11090035 + O19Q9303; + Q1309039 — (1)

sy Q3 Qg3

Q13090031 — Q12091033 — Q1123039

Ta nhan xét rang mdi s6 hang cta dinh thirc cap 3 gdm tich ciia 3 phan tu,
mdi phan tir nam trong diing mot cot va ding mot hang. Cac thira s6 trong mdi
s6 hang duogc viét theo quy tic sau: Dau tién 13 phan tir & hang mot rdi dén hang
hai, hang ba. Chi sb cac cot cua céac thira sb do lap thanh mot hoan vi ctia ba $6
1,2,3. S6 cac hoan vi ctia ba s6 1a 3! = 6 vira bang sb cac s hang viét trong (1).

Trong 6 hoan vi ciia 1,23 thi cac hoan vi 1,2,3; 2,3,1; 3,1,2 1a chin, chung tng
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v6i cac sb hang mang diu + & biéu thirc cua dinh thirc viét trong (1), con cac
hoan vi 3,2,1; 2,1,3; 1,3,2 1a1¢, chung Gng véi cac sé hang mang dau — & (1).
Vi vay ta c6 thé viét: det(4) = > (- 1)1(“"“2’“?’)alalobmzam3
Téng duoc léy theo moi hoan vi cua 123.

Dua vao nhan xét trén ta c6 dinh nghia dinh thirc cép n.
Pinh nghia 2. Xét ma tran vuéng A cap n . Dinh thirc ciia ma tran A 1a mot s6,
ky hiéu 1a det(4), s d6 dugc xac dinh bang:
det (A) — Z (_ 1)](&1,&274..711")(110[1 aQQQ' . .anan (2)
trong 0 v, ,...,c, 1a mot hoan vi cia n sd 1,2,...,n, I(ay,,...,,) 13 tong

cac nghich thé cta hoan vi do, tong > duogc lay theo moi hoan vi ciia n so

1,2,...,n (c6 tat ca n! hoan vi nén tong d6 chira n! sé hang).

Ta ciing ky hiéu dinh thirc cip n ciia ma trdn A bang:

all a12 see aln

a21 a22 s a/2n
det(A) =

Qpy Qp2 cee Oy

2.3 CAC TiNH CHAT CUA PINH THUC

Xét mot dinh thirc cép n . Dé thuan tién cho viéc phat biéu céc tinh chat
ciia dinh thic ta ky hiéu A, A,,...,A, 1a cac cot cua dinh thuc va ta viét
D(Al,AQ,...An).

Tinh chét 1. Néu mot dinh thirc cé mét cét dwoc phdn tich thanh téng cua
hai véc to cét, chang han A=A+ A thitaco thé phan tich dinh thirc thanh

téng ciia hai dinh thirc:
D(Al,AQ,...,Aj‘ T A].",..A,,) — D(Al,AQ,...,Aj',...,An) T D(Al,AQ,...,Aj",...An>
That vay trong biéu thirc ctia dinh thic & (2), mdi sé hang trong tong déu

c6 chira mot phan tir nam & cot tha j, ta chi viéc thay phan tor d6 bang tong

aj; +a]l, sau do ta tach tong toan bd thanh hai tong: mot g vdi cac so hang co

chira a/; mét ing voi cc s6 hang ¢ chira af] .
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Tinh chit 2. Cé thé dua thira s6 chung cua mot cot ra ngoai déu dinh thire:
D(Al,...,kAj,...Aﬂ) —kD(A,...,A,...,A).

Moi s6 hang déu chira k do d6 ta chi viéc dua k ra ngoai du tong.

Tinh chit 3. Doi ché hai ¢t thi dinh thire déi dau.
D(Al,...,Ai,...,Aj,...Aﬁ) = —D(Al,...,Aj,...,Ai,...Aﬁ)

Viéc d6i chd lam thay ddi tinh chin 1é ctia hoan vi, do dé trong biéu thirc
(2) cac s6 hang mang ddu + s& chuyén thanh — va céc s6 hang mang dau — s&
chuyén thanh +.

Hé qua. Pinh thitc c6 hai cét giong nhau thi bang khéng.

That vay, doi chd hai cot gidng nhau thi dinh thic khong thay d6i nhung
theo tinh chét 3 thi dinh thic d6i dau, tacé D=—-D= D =0.

Tinh chét 4. Néu mét cét cia dinh thire 1 t6 hop tuyén tinh cua cac cot
khdc thi dinh thite bang khong.

Chi viéc ap dung tinh chét 1 dé phan tich dinh thirc thanh téng nhiéu dinh
thirc, sau do ap dung tich chét 2 ta s& dua vé cac dinh thiic c¢6 hai cot gidng
nhau, chiing déu bang khéng.

Hé¢ qua. Néu thém vao mot cot ctia mot dinh thire mot o hop tuyén tinh
cac ¢t khac thi dinh thire khong thay doi:
D(Al,...,Aj + ZaLAi,...,Aﬂ) = D(Al,...,Aj,...,Aﬂ).
Tinh chét 5. Pinh thirc cia ma trgn chuyén Vi cua ma tran A bc%ng dinh
thire ciia ma trdgn A: det(A") = det(A).
N6i cach khac, gid tri cia dinh thire khéng thay doi khi ta chuyén hang
thanh cét, chuyén cdt thanh hang, van giit nguyén thir tir.

Goi céac phan tir cia ma tran A 1a a,;, ta co:

det(4) = > (-1 (-0, U1y Oy - (2)

Yna,

Goi cac phan tir cia ma tran chuyén vi A’ 1a b; tirc1a b; = a;; ta co:

det(A) = Y (=)t p g by =S (=) Bl g an ay, (3)
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MBdi tich trong (3), chua ké d4u, ciing 1a mét tich trong (2) vi tich d6 chua cac
phan tir thudc ding mot hang va ding mot cot, ddu cua chiing ciing nhu nhau vi

[ﬁl B

o 1 2 ... n
hai hoan vi: o : 1 2

B, , ,
c6 cung s6 nghich thé.
Qy .. Q n

Tu d6 ta co: det(A") = det(4).

Tinh chat 5 cho ta mot két qua quan trong: trong mét dinh thirc vai tro ciia
cét va hang la nhir nhau, céc tinh chat da ding cho cot thi ciing dung cho hang ,
trong céac phat biéu cua céc tinh chét 1, 2, 3, 4 ta chi viéc thay tur cot béng tur
hang.

2.4 KHAI TRIEN MOT PINH THU'C

Cong viéc tinh dinh thirc cép hai rat don gian. Vi vay ta tim cach dua céac
dinh thuc cap cao vé cac dinh thirc cip hai.

1. Pinh thirc con. Phan bu dai s6

Cho ma trdn vudng A cap n. Ta goi dinh thirc con ciia phan tir a;; cua ma
trgn A la dinh thire Dy; cua ma trdn nhan dwoc tir ma tran A bc%ng cach xoa di
hang i cot j.

Nhu vay D, 1a dinh thtic cp n—1.

Xét dinh thirc cAp 3 ctia ma tran A.

A Gz Gg3
det(A) = (@21 Qo Qo3| = Q11092033 + A1a0a303; + A13091A37 —
Gz Q3 As3
Q13022031 — 11023037 — Q12021033

Nhoém céc s6 hang c6 chira q,;, lai ta dugc: a;; (ayas3 — axsas) = a Dy vo1 Dy
1a dinh thtrc con ctia phan tir a,, . Nhu vay:

T 5ng cdc s6 hang chita a,, cua dinh thirc bcfng tich cua a,, voi dinh thirc
con Dy, cua no.

Tinh chit trén ciing dung véi dinh thic cép n.

B0 dé. Trong dinh thirc ciia ma trdn vuéng A cap n cé chita (n—1)! s6
hang chira a,, lam thira s6. Tong cia (n—1)! s6 hang d6 bang tich a,,D,, vdi

Dy, la dinh thirc con cua phdn 1 ay, .
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Ta co: det(4) = S (-1) (.02, Q10,020 O, (2)
Tong duoc ldy theo moi hoan vi ciia n 86 (1,2,...,n). Mot sd hang tly ¥ chia
a;, lam thira s6 khi va chi khi o, =1, con lai (oz2,...,ozn) la mét hoan vi cua
n—1 sb va nhu vay c6 (n—1)! hoan vi tic 1a c6 (n—1)! s6 hang chira a,,. Vi

s6 nghich thé cua (aQ,...,ozn) cling bang sb nghich thé cua (1, s ..., ozn).
Khi cho a; =1 trong (2) ta co:

CLHZ (_ 1)I<L a’%m’an)agag .. .anan — (IHZ (_ 1)](0!2"“’ a")am? .. .anan - aHDH (tél’lg sau
cung theo dinh nghia chinh la dinh thic D).

Ta c6 mot két qua tong quat hon:
Trong dinh thirc ciia ma trdn vuéng A cdp n c6 (n—1)! 6 hang chita phan
te a; lam thira s6. Tong cua (n—1)! s6 hang dé bang (—1) a;Dy; voi Dy la

dinh thirc con cua phan tr a,;.

That vay, xét mot phﬁn tir a; nao do. Ta lan luot chuyén hang ¢ cua dinh
thirc 1én hang mot bang i —1 phép doi chd hai hang lién tiép, dinh thic nhan
duoc co phan tr 4, ndm & goc trai trén cung. By gid ta lai chuyén cot j (co
chira phan tir a;) 1én vi tri cot 1 bang j—1 phép ddi chd hai cot lién tiép. Nhu
vay trong dinh thirc cudi cuing nay, ta goi n6 1a det(4’), phan tir a; S€ nam &
goc trai trén cung (vi tri 1.1). Pinh thirc cudi ciing det(A’), duge suy tir dinh
thirc xuat phat, det(A), bang i+ j—1 lan d6i chd, mdi 1an d6i chd dinh thirc
d6i ddu mot lan, do d6: det(A) = (—1) 2 det(A’) = (—1)""7 det (4')

Theo bd dé trén, cac sb hang chura a;; s€ bé“mg a;; nhan voi dinh thirc con

nhan duoc tir A’ béng cach bo di hang 1 va cot 1, dinh thic con do cling chinh
1a dinh thirc con cua phan tu a; trong A. Vay téng cac s hang chira a;; trong
det(A) la: (—1)"" a;D,;.

Pinh nghia. Phdn b dai so ciia phan tir a; trong ma trgn A la £D;;, ldy
ddu céng khi tong chi sé hang va cét ciia a; la chan, dau trir néu tong dé Ié.

Ky hiéu phan bu dai s6 ctia a; 1a A; tacé: 4; = (=1)""/ D;.

2. Pinh Iy khai trién
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Véi ma trdn vuéng A cdp n ta co:
det(A) = ai;4; + ay; 4 + ... + a,A,; j=1,2,...,n (khai trién theo cot j)

Dinh 1y nay 1a két qua cua bo dé trén khi ta nhdm cac s6 hang cd chua
Qigy Qs - Oy, (hOAC @y, 045,...,a,;) trong biéu thirc cua dinh thirc.

Vi du 1: Tinh dinh thirc bang cach dung dinh 1y khai trién:

D=|-1 2
-2 4

Ta khai trién theo hang mot:
2 4 -1 1 -1 2
1 3 -2 3 -2 4

D=3 - +5 =306-4)—(—3+2)+5(-4+4)="7.

Dung cac tinh chat ctia dinh thirc ta c6 thé bién doi sao cho trong dinh thirc
cO chra mot hang hodc mdt cot gém nhiéu sd khong, sau do6 ta chi viéc khai
trién theo hang hodc cot do.

Vi du 2: Tinh lai dinh thirc D trong vi du 1.

Lay hang mot cong v6i 3 1an hang hai rdi l1ay hang ba trir di hai 1an hang hai ta

duoc:
0 7 8 0 7 9
D=|-1 2 1:_1 2:7(khaitriéntheohé1ngba)
0 0 1
2 —4 0 6
, 4 =5 6 7
Vi du 3: Tinh dinh thirc cap 4: D = 3 1 9
-2 2 8 0

DPem cot mot trir di ba lan cot ba, sau d6 dem cot bon trir di hai 1an cOt ba:
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2 —4 0 6
—14 -5 6 =5 2 4
D=, o 1 ol=114 -5
—-26 2 8 -—16 —26 2
2 0 0 —33 37
=l =33 37=2| .y
—26 —50 62

6
—5| =
—16

= —392.

(trong dinh thirc cép ba ta léy cOt hai cong hai 1an cot mot va cot ba trir ba lan

cOt mot).
3. Pinh thirc ciia ma tran tich

i ) a1 Qg
Cho cac ma tran vuong cap hai: A = ;

Qo1 Qoo

a1byy + @by
Tinh tich A.B. Tt d6 ta co: det(AB) =

A1byy + Qgobyy

Ta c6 thé tach dinh thirc trén thanh bon dinh thirc:

) Ay 4y
Dll’lh thic 1 = b11b12 - 07
Qo1 Qo
) YD)
Dinh thirc 2 = biibyy = det (A) by ;
Qo1 Qoo
) Q1o Qn
Dlnh thl:l’C 3 = b21b12 _ — det (A) b21b12
Qoo Qo
) Qo Qo
Dlnh thl:l’C 4 = b21b22 — O
Qoo Qo2

B =

bl 1 bl 2
b21 b22

ay1byy + a19bsy

A1byy + ooy

Két qua trén ciing ding cho trudng hop A, B 1a cic ma trn vudng cap n:

Dinh thuwrc cua ma tran tich bcing tich cac dinh thirc cua tung ma tran.
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§3. MA TRAN NGHICH DAO
Xét cac ma tran vudng cap 7.

Pinh nghia. Ma trdn A la kha nghich néu ton tai ma trdgn B cing cdp sao
cho: AB=BA=1 (1)

V61 I 1a ma tran don vi cung cap.

Khi d6 ma tran B dugc goi la ma tran nghich ddo cua ma tran A, ta ky
higund bang A1 Taco: AA ' =A1A=1

Ta s€ xét xem vdi diéu kién nao cua A thi n6 1a kha nghich?

Pinh Iy. Dé ma trdn A la kha nghich thi diéu kién can va di la dinh thikc
ctia ma trgn A phdi khdac khong.

A khanghich < detA =0
* Piéu kién can. Gia st A kha nghich, khi d6 ton tai ma tran A~' dé:
AA' = 1. Theo dinh 1y vé dinh thirc cua tich hai ma tran ta co:
det(AA™") = det A.det(A™") = det(]) =1 = 0;= det(4) = 0
* Piéu kién du. Gia str det(A) = 0. Ta phai di tim mot ma tran B thoa man (1).

Ta van goi a; 1a cac phan tir ctia ma tran A va A la phan bu dai s6 cia
phén tir a;; trong ma tran A.

Chuyén vi ma trdin A ta dugc ma tran A’. Nhu viy néu A = (a;) thi
A" = (a;)

Thay trong ma tran A’ c4c phén tir a;; bdi phan bu dai s6 A4, cua ching ta
dugc mot ma tran mdi, ta goi ma tran d6 la ma tran phu hgp ctia ma tran A va
ky hiuno la A. Nhu vay A = (4;).

Bay gio ta xét tich AA va AA.

Ly hang i trong ma trin A nhan vé6i cot k trong ma tran A ta duoc phan
tor ¢;, O vitri ¢,k trong ma tréan tich.

Céac phan tir trong hang ¢ cua ma tran A 18 a,;, a,0,..., Q;;

Céc phan tir trong cot k ctia ma tran A 13 Ay, Ay, Ay (2)
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Néu k£ = ¢ thi cac phan tir ¢; s€ 1a cac phan tir nam trén dudng chéo chinh

cua ma tran tich. Ta co:

Néu k =i ta xét ma trin A’ 1a ma trin nhan dugc tir A bang cach thay
hang % boi hang 7, cac hang khac khong thay doi.

Nhu vay ma tran A’ c6 hang £k 1a: a;4,0a,,...,a,, (3).
con cac hang khac giong nhu cic hang twong Gmg ctia ma tran A. Vi vay khi ta
gach hang k ¢t j ciia ma tran A’ thi cic phan tir con lai ctia ma trn A’ ciing
gidng nhu cac phan tr con lai cia ma tran A khi ta gach hang k£ cot j. Tir d6
suy ra cac phan bu dai sb ciia cic phan tir nam trén hang &k cot j cia A va A’
la nhu nhau: 4;; = A4j;.

Thay vao (2) ta duogc: ¢;, = az AL + apAls + ...+ a, Al i = k.

D6 chinh 14 cong thirc khai trién ciia det(4’) theo hang k [dé ¥ t&i (3)].

Nhung det(A’) c6 hai hing giéng nhau (cac phan tir ciia hang & va hang i
cung la a;;a,,...,a;,) do do det(A’) =0 thcla ¢;, =0 voi i = k.

Tom lai, cac phan tir ¢; ctia ma trén tich A.A la:

det (A), khi 1 =k
C =
"o khii = k

Ma tran A.A khi d6 1a ma tran chéo c6 cac phan tir nam trén dudng chéo

chinh bang det(A), tir d6 ta co: AA = det(A).I
Vi det(A4) = 0 nén: A'[detl(A) 21] =1
Tuong tu ta cling chimmg minh dugc: [ 1 tl( Y fl] A=1
Vay ma tran nghich ddo cia ma tran A la: A~! = P tl( V) A.

Toém lai, dé tim ma tran nghich ddo ctia ma tran A ta thuc hi¢n cac budc
sau:
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e Tinh det(A). Néu det(A) = 0 ma tran A khong kha nghich (khong co

ma trin nghich dao), con néu det (4) = 0, ma tran A kha nghich.

e Chuyén vi ma tran A rdi thay cac phan tir cia A’ bang cac phan bu

dai sd cua chuing ta dugc ma tran phu hop A.

e Cudicungtacd A! = P tl( 7y

)

Vi du 1. Chung t6 rang ma tran A dudi day 1a kha nghich va tim ma tran
nghich dao cua no:

1 —1
A=|3 2
4 =2
—1
Taco det(A)=|3 0 2|=—4. Matran A la kha nghich.
—2
1 3 4
Chuyén vimatran A tadugc: A'=|2 0 —2
-1 2 5

Thay cac phan tir cia A" bang cac phan bu dai sb cia chung ta dugc ma tran
phu hop:

4 -8 4
A=|-7 9 -5
-6 10 6

Vay ma tran nghich d4do cua ma tran A la:

-1 2 -1
D1 4|7 =9 s
V=mm@mATT T 1
3 =5 3
2 2 2
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1 1 1
Vidu 2. Matran A=|1 2 —1| c6 det(4) =0 nén khong c6 ma tran
10 3
nghich dao.
§4. HANG CUA MA TRAN
4.1 PINH NGHIA HANG CUA MA TRAN

Cho A 12 ma tran loai m x n. Néu ta ldy ra k hang va k cot thi cac phan tir
nam trén giao diém cta cac hang va cac cot liy ra d6 lap thanh mot ma tran
vudng cép k.

Dinh thurc ciia ma tran vuong doé duoc goi 1a dinh thirc con ccfp k trich tw
ma trén A. MOt ma tran loai m X n c6 rat nhiéu dinh thic con cac cép khac
nhau, moi phﬁn tir cua A 1a mot dinh thirc con cép mot, cép 16n nhat cia dinh
thirc con trich tir A 13 s6 nho nhét trong hai s6 m,n .

Pinh nghia. Cdp I6n nhat ciia cac dinh thire con khdc khéng trich tir ma
tran A dwoc goi la hang ciia ma trgn A.

Hang ciia ma tran A duoc ky hi¢u bang r(A).

Vi du. Tim hang cua cac ma tran:

1 2 7 q , o nor X
=l 4 _1I Hang cia A 16n nhat 1a 2. Ta cdl, 4= —15=0. Vay
r(4) =2
1 2 -3
-1 -2 3 , . z N . .
B = 48 _19| Hang cua B 16n nhat bang 3. Dinh thuc
0 O 0
1 2 =3

—1 —2 3 |=0 vico hai hang ty 1&. Cac dinh thuc cip ba khac cing bing
4 8 —12

khong vi chira mot hang gdm toan phan tir khéng. Moi dinh thirc cdp hai ciing

déu bang khong do co hai hang ty 16. Vay hang ctia B bang 1.

4.2 CAC PHEP BIEN POI SO CAP TREN MA TRAN
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Pinh nghia. Cdc phép bién doi so cdp trén ma tran 1a cac phép bién doi
sau:

Phép chuyén vi ma tran.
Phép d6i chd cac hang hodc cac cot.
Bo6 khoi ma tran mgt hang hodc mot cot gém toan phﬁn tor khong.

Bo khoi ma tran mot hang hodc mot cot 1a to hop tuyén tinh cia cac hang
hoac cot khac.

Nhéan mdt hang hoac mot cot véi mot s6 khac khong.

Cong vao mQt hang hodac mdt cot mot to hop tuyén tinh cua cac hang hoac
cot khac.

Dung céc tinh chat da biét cta dinh thirc ta c¢6 thé chimg to dwoc rang: thue hién
cdc phép bién doi so cap trén ma trdn khéng lam thay déi hang ciia ma tran.

Vi vay ta c6 thé dung cac phép bién do6i so cap dé tim hang cua ma tran.

1 3 5 4
Vidy. Timhang ctamatran A={2 -1 3 1
8§ 3 19 11

Thuc hién cc phép bién d6i so cap 1an luot nhu sau:
Pem hang hai trir hai 1an hang mot, hang ba trir tam lan hang mot;
B6 hang ba vi nd6 ty 1€ vo1 hang hai; dem hang hai chia cho —7
1 3 5 4

Hang A = Hang |0 —7 —7 —7| = Hang
0 21 21 21

1 3 5 4
0 1 1 1

]. C6 mot dinh

thirc cAp hai bang 1. Vay hang A bang 2.
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BAI TAP
’ ) 12 3 -1 5 =2
3.1 Cho cac matran A = 10 2 va B = 1 1 -1l

Tim A+ B,3B,A+ 2B, A", B'.

- 21 5 3 13
3.2 Cho cac ma tran A = 1 3 27B:—l Z,C:_l 1|
2 1

Tim A.B;B.C . Chimng t6 rang (A.B).C = A.(BO)

2 1 1 3 .
3.3 Cho cac ma tran A:[ ],B:[ _1]. Hay nghiém lai rang

3 1 —1
(AB)' = B'.A",
3 10 010
34Chocacmatran A=|0 3 0f,J=|0 0 0.
0 0 3 0 00

1) Chiing minh rang A = 3 +J véi I 12 ma tran don vi cap ba.

2) Tinh J? va bang phuong phap quy nap hdy chimg minh rang A" = 3" + a,J

véi a, 1a mot sO ¢6 thé xac dinh duoc. Viét ma tran A",

0 1 0
35Chomatrain A=|—-1 2 0
1 0 -1

1) Tinh A% va A®. Nghiém lai rang taco A*> — A2 — A+ 1 =0 véi I 1a ma trén
don vi cap ba.

2) Chiing t6 rang ma tran A 1a kha nghich. Hay suy ra A~! tir hé thic trén.

3.6 Cho ma tran A 1a ma tran vudng cip ba ma moi phan tir thuoc dudng chéo
chinh bang khong, cac phan tir khac bang 1.

1) I 1a ma tran don vi cép ba. Xac dinh cac sb thuc a,b sao cho ma tran
P = aA + bB thoa man hé thuc P?> =1 .

2) Timma tran [ .
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3.7 Xét cic ma tran vudng cAp n. Chimg minh rang néu A kha nghich thi hé
thirc A.B = 0 kéo theo B = 0 va néu B kha nghich thi tir hé thic d6 ta suy ra
A=0. Tu d6 suy ra r‘fmg néu A.B =0 thi hoic A= 0 hoic B =0 hoic ca
hai khong kha nghich. Tim ma tran kha nghich A sao cho A% = A.

3.8 Tinh cac dinh thtc:

r 1 1 1
1 a a*

3 01 1 =z 1 1
DT o208 2, . AP b
-1 42 11 1 z 1 ¢ ¢

3.9 Dung céc tinh chét cua dinh thire ching to rang:

84 35 62 2 3 1
D8 3 6[=0 2)2 7 8| chiahét cho 15.
4 5 2 5 5 0

3.10 Tim z dé cac véc to (z,a,a),(a,z,b),(b,b,z) thudc khong gian R? 1a phu
thudc tuyén tinh.

3.11 Ching minh rang cac véc to:

Vi =(0,1,2,3),V, = (1,2,3,4),V; = (2,3,4,0),V, = (3,4,0,1) thudc khong gian
R* 1a d6c 1ap tuyén tinh.

3.12 Ching t6 rang cac ma tran sau day 13 kha nghich va tim ma tran nghich dao

cua chung:
1 —a 0 O
1 11 0 a
DA=|1 2 4|; 2)B= 00 1 -qa
L3 0O 0 0 1

3.13 Tim hang cua cic ma tran:

1 3 -2 1

5 5 9 1 1 -2 —5 —8
DA=|, | ¢ 13 2B=[-1 1 1 5

—2 -6 8 10 Loz 1
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3.14 Chimg minh ring tdp hop M cac ma trdn vudng cip hai véi cac phan tir 1a
a c

b d

sO thuc la mot khong gian con cua khong gian cdc ma trdn vudng cap

hai. Tim mot co s va so chiéu cua khong gian con do.

3.15 Tinh cac dinh thirc:

, , —a b ¢ d

a+b ab a*+b b oa d e
Dib+c be b*+c; 2)0 i —a &
c+a ca c+a’ i e b —a

3.16 Choma tran: A= .
sina  cosa

[cos o —sin a]
1) Tinh tich A.A’. Suy ra rang A 1a kha nghich va tim A~!.
2) Tinh A* véi k 1a sb nguyén bat ky.

3) Suy ra cong thirc cua cos 3o theo cos o
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